Abstract. We show that, in some cases, the projective and the injective tensor products of two Banach spaces do not have the Dunford-Pettis property (DPP). As a consequence, we obtain that (c 0 ⊗ π c 0 ) * * fails the DPP. Since (c 0 ⊗ π c 0 ) * does enjoy it, this provides a new space with the DPP whose dual fails to have it. We also prove that, if E and F are L 1 -spaces, then E ⊗ ǫ F has the DPP if and only if both E and F have the Schur property. Other results and examples are given.
A Banach space E has the Dunford-Pettis property (DPP, for short) if every weakly compact operator on E is completely continuous, i.e., takes weak Cauchy sequences into norm Cauchy sequences [14] . Equivalently, E has the DPP if, for all weakly null sequences (x n ) ⊂ E and (φ n ) ⊂ E * (the dual of E), we have lim φ n (x n ) = 0. If E * has the DPP, then so does E, but the converse is not true [25] . A Banach space with the Schur property has the DPP. The DPP is inherited by complemented subspaces. For more on the DPP, the reader is referred to [8, 6] .
It was unknown for many years if the Dunford-Pettis property of E and F implies that of their projective tensor product E ⊗ π F and of their injective tensor product E ⊗ ǫ F [8] . Talagrand [26] found a Banach space E so that E * has the Schur property but C([0, 1], E) = C[0, 1] ⊗ ǫ E and L 1 ([0, 1], E * ) = L 1 [0, 1] ⊗ π E * fail the DPP. It is proved in [24] that, if E and F have the DPP and contain no copy of ℓ 1 , then E ⊗ π F has both properties. It is shown in [20] that, if E and F have the Schur property, then E ⊗ ǫ F has the Schur property.
Answering a question of [6] , it is proved in [1] that, for compact spaces K 1 , . . . , K n , the space C(K 1 ) ⊗ π · · · ⊗ π C(K n ) has the DPP if and only if K 1 , . . . , K n are scattered.
Taking advantage of an idea of [1] we prove, among others, the following results, where L(E, F ) denotes the space of all (linear bounded) operators from E into F while L cc (E, F ) is the space of all completely continuous operators from E into F : (a) Suppose E is not Schur, F contains a copy of ℓ 1 , and Throughout, E and F will denote Banach spaces, e n denotes, as usual, the vector (0, . . . , 0, 1, 0 . . . ) with 1 in the n th place. We shall use the following notation for some subspaces of L(E, F ): K(E, F ) for the space of compact operators, N (E, F ) for the nuclear operators and I(E, F ) for the integral operators. The nuclear norm of an operator T is denoted by T nuc , while T int stands for the integral norm. Given an operator T ∈ L(E, F ), its adjoint is denoted by T * ∈ L(F * , E * ). By E ≃ F we mean that E and F are isomorphic.
The Banach-Mazur distance d(E, F ) between two isomorphic Banach spaces E and F is defined by inf ( T T −1 ) where the infimum is taken over all isomorphisms Since some of our results and examples are on L ∞ and L 1 -spaces, we shall first recall a well known result on tensor products of these spaces. Observe that it provides examples of tensor products with the DPP.
It is also known that, if E is an L 1 -space and F is an L ∞ -space, then E ⊗ ǫ F and E ⊗ π F have the DPP (see [3] , [12] and [13] ).
From the representation (E ⊗ π F ) * = L(E, F * ), we obtain:
, and take a weakly null sequence
The following result is essentially contained in [1] : Theorem 3. Suppose E does not have the Schur property, F contains a copy of ℓ 1 , and
Proof. Since E does not have the Schur property, we can find a normalized weakly null sequence (x n ) ⊂ E that may be supposed to be basic.
T is a well defined weakly compact operator. Choose a bounded sequence (y n ) ⊂ F so that q(y n ) = e n . Then
∞ k=1 = e n . So, by Lemma 2, T is not completely continuous, and E ⊗ π F fails the DPP.
2
If we replace the condition "F contains a copy of ℓ 1 " by the more general "F has a quotient isomorphic to ℓ p (1 < p < ∞)", the proof still works. However, the Theorem does not gain in extension. Indeed, we can assume that F has the DPP. Then, if F has a quotient isomorphic to ℓ p (1 < p < ∞), it must contain a copy of ℓ 1 . This is also true for Theorems 9 and 10.
Theorem 3 applies, for instance, if E is an L ∞ -space without the Schur property and F is an L ∞ -space containing a copy of [10, Theorem 3.7] . We now give another interesting example. Let T be the unit circle with its normalized Lebesgue measure; let
. Therefore, T is completely continuous. Applying Theorem 3, we have that
Remark 4. Theorem 3 does not include Talagrand's example [26] of a space E with the Schur property such that
Indeed, Theorem 3 cannot be applied to the space L 1 [0, 1], since we have the following facts:
is not completely continuous. To prove (b), take a normalized weakly null, basic sequence (x n ) ⊂ E, and a bounded sequence (
* which is not completely continuous. [5] . We do not know if X ⊗ π X has the Schur property. We shall see, however, that (X ⊗ π X) * fails the DPP (see Questions 17).
* has the DPP if and only if E * ≃ F * ≃ ℓ 1 . 
We shall now give a variant of Theorem 3 for which we need a lemma. Recall that E contains no complemented copy of ℓ 1 if and only if L(E, ℓ 1 ) = K(E, ℓ 1 ) [9, Exercise VII.3 and Theorem V.10].
Lemma 8. Assume E contains no complemented copy of ℓ 1 , and F contains a sequence (y n ) ⊂ F equivalent to the c 0 -basis. Then, for every bounded sequence (x n ) ⊂ E, the sequence (x n ⊗ y n ) is weakly null in E ⊗ π F .
Proof. Let M be the closed subspace generated by {y n }. Take T ∈ L(E, M * ) = K(E, M * ). Since (y n ) is weakly null, we have T x n , y n → 0 and so (x n ⊗y n ) is weakly null in E ⊗ π M. The linear mapping E ⊗ π M → E ⊗ π F given by x ⊗ y → x ⊗ y is continuous. Therefore, (x n ⊗ y n ) is weakly null in E ⊗ π F . 2 Theorem 9. Suppose E contains a copy of ℓ 1 , but ℓ 1 is not complemented in E, and F contains a copy of c 0 . Then E ⊗ π F does not have the DPP.
Proof. Consider a surjective operator q : E → ℓ 2 and select a bounded sequence (x n ) ⊂ E with q(x n ) = e n . Let (y n ) ⊂ F be a sequence equivalent to the c 0 -basis, and take a bounded sequence (ψ n ) ⊂ F * with ψ i (y j ) = δ ij . Define T :
The proof proceeds as in Theorem 3. 2
As a consequence of Theorem 9, letting
, the space E ⊗ π F fails the DPP. Theorem 3 is not applicable to this example. On the other hand, if E is a somewhat reflexive L ∞ -space [5] and F = ℓ ∞ , then Theorem 9 is not applicable, but Theorem 3 implies that E ⊗ π F fails the DPP. Proof. Since E * is not Schur, we can find a weakly null normalized, basic sequence (φ n ) ⊂ E * . Let (z n ) ⊂ E * * be a sequence with z n ≤ C and φ i , z j = δ ij . Since F * contains a copy of ℓ 1 , there is a surjective operator q :
, and ℓ 2 has the Radon-Nikodým property and the approximation property, we have
where the equalities are isometric isomorphisms (see [11, Theorem VIII.4.6] and [22, p. 3] ). Assume therefore
Taking the infimum over all representations of A * q * of the above form, we get [11, Theorem VIII.2.7] ), so T is a well defined weakly compact operator. Now, take a bounded sequence (ψ n ) ⊂ F * , with q(ψ n ) = e n . By Lemma 2, the sequence (φ n ⊗ ψ n ) is weakly null in E * ⊗ π F * and so in I(E, F * ). However,
Therefore, T is not completely continuous. 2 Proof. If one of the compact spaces is not scattered, then C(K 1 ) ⊗ π C(K 2 ) fails the DPP [1] . A fortiori, its bidual fails the DPP.
Assume both compact spaces are scattered. Since C(K 1 ) * has the approximation property [ 
Therefore, by Theorem 10, the space (
Observe that, if K 1 and K 2 are scattered, (C(K 1 ) ⊗ π C(K 2 )) * has the Schur property [24] and, hence, the DPP. This gives a new family of spaces with the DPP whose duals fail the DPP. Up to now, there was essentially one example of such spaces, namely ℓ 1 (ℓ n 2 ), due to Stegall [25] . Theorem 10 implies that, if E, F are infinite dimensional L 1 -spaces, then (E ⊗ ǫ F ) * fails the DPP. From our next result we shall obtain that even E ⊗ ǫ F fails the DPP unless E and F have the Schur property. Proof. Choose a weakly null normalized, basic sequence (x n ) ⊂ E, and (φ n ) ⊂ E * bounded so that φ i (x j ) = δ ij . We can find a weakly null normalized, basic sequence (ψ n ) ⊂ F * . By [17, Remark III.1], after passing to a subsequence, there is a bounded sequence (f n ) ⊂ [ψ n ] * with f i (ψ j ) = δ ij , where [ψ n ] is the closed linear span of the sequence (ψ n ) such that, when defining T :
* by (T y)(x) = x(y) for all y ∈ F and x ∈ [ψ n ], we have
, is an isomorphism. Therefore, there is a bounded sequence (y n ) ⊂ F such that T (y n ) = f n . Moreover,
Since every operator in I(E, F * ) = (E ⊗ ǫ F ) * is completely continuous [11, Theorem VIII.2.9], the sequence (x n ⊗ y n ) is weakly null in E ⊗ ǫ F . By Lemma 2, the
* be the natural mapping. Then the sequence (J(φ n ⊗ ψ n )) is weakly null in (E ⊗ ǫ F ) * . However, J(φ n ⊗ ψ n ), x n ⊗ y n = 1, so E ⊗ ǫ F fails the DPP. Finally, we give a result on the dual of the projective tensor product. Proof. We assume first that F * ≃ ℓ 1 . Take a weakly null normalized, basic sequence (φ n ) ⊂ E * , and (z n ) ⊂ E * * bounded with z i , φ j = δ ij . We have (E ⊗ π F ) * ≃ L(E, ℓ 1 ). By Kalton's test [18] , the sequence (T n ) = (φ n ⊗ e n ) is weakly null in K(E, ℓ 1 ), and so in L(E, ℓ 1 ).
Since E * * contains no complemented copy of ℓ 1 , E * * * contains no copy of ℓ ∞ . Hence, L(ℓ ∞ , E * * * ) = L cc (ℓ ∞ , E * * * ). By Lemma 2, the sequence (z n ⊗ e n ) is weakly null in E * * ⊗ π ℓ ∞ . Consider the operator γ : E * * ⊗ π ℓ ∞ → L(E, ℓ 1 ) * given by γ(z ⊗ ξ), T = T * * (z), ξ for T ∈ L(E, ℓ 1 ), z ∈ E * * , ξ ∈ ℓ ∞ .
Then, γ(z n ⊗ e n ), φ n ⊗ e n = z n , φ n · e n , e n = 1. Therefore, L(E, ℓ 1 ) does not have the DPP.
In general, if P : F * → F * is a projection with P (F * ) ≃ ℓ 1 , then Q(T ) := P • T defines a projection on L(E, F * ) whose range is L(E, P (F * )). 
